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The aim of this paper is to make sense of Hamada’s formula for the dimension of the code 
generated by the incidence matrix of points and subspaces of a given dimension in a finite 
projective space. The known results are surveyed and a successful guess is made for the 
dimension of the dual line code when the field has prime order. Van Lint’s proof of the 
equivalence of the two formulas is given. A further guess on the meaning of the formula is also 
made and a simple proof due to Glynn is given. 
1. Introduction 
In 9 = PG(n, q), projective space of n dimensions over the finite field 
GF(q), q =ph with p prime, let II, be a subspace of I dimensions, and let 
% = B(r, IZ, q) be the set of all these I&. Then 
u = IPG(n, q)l = (qn+’ - l)/(q - l), 
b = lB(r, 6 411 = 
(qn-r+l - l)(qn-r+2 - 1) . . . (qn+l - 1) 
(q - l)(q2 - 1) . . * (q’+’ - 1) . 
Let M = (m,) be the b x u incidence matrix of the incidence structure (9, $2); 
that is, if 9 = {PI, P2, . . . , P,} and 93 = {I,, 12, . . . , lb}, then mij = 1 if q E 1, and 
mii = 0 if 5 4 fi. Define C(r, rt, q) to be the code generated over GF(p) by the 
rows of M and let C*(r, n, q) be the dual code, known as a projective geometry 
code. See [lo, Chapter lo] for a general account of these codes. 
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By definition the length of the codes C*(I, n, q) and C*(T, n, q) is u. Our 
concern here is to discuss formulas for the dimension of C*(r, n, q) for various 
values of r, rr and q. By definition, 
dim C(r, II, q) + dim C*(r, n, q) = U. (1) 
2. Geometrical interpretation of C*(r, n, q) 
An element X = (a,, u2, . . . , a,) of C*(r, n, q) with ai in GF(p) is to be 
regarded as the set of points {PI, P2, . . . , P,} where 4 has weight ui and such that 
the weighted number of points in any II, is a multiple of p. 
When n = 2 and r = 1, the elements of C*(l, 2, q) are known as p-curves, Ott 
[9]; that is, a p-curve is a weighted set of points such that the sum of the weights 
of the points on any line is a multiple of p. The following result is proved in [9]. 
Theorem 2.1. In PG(2,p), p prime, if X= (aI, u2, . . . , a,) and X’ = 
6, 62,. *. > b”) are in C*( 1, 2, p) then C uibi G 0 (modp). 
When p = 2, the weights a, can only be 0 or 1. Also the sum X + X’ is the 
symmetric difference of X and X’. The code C*(r, n, q) is then the space of sets 
meeting every II, in an even number of points. Accordingly, an element of 
C*(r, n, q) is called a set of ezlen type. The complement in PG(n, q) of a set of 
even type is a set of odd type. The sets of odd type form an isomorphic code 
C*(r, n, q)’ where, if 3’ and 55” are sets of odd type, so is 3 V 2’ , the 
complement of the symmetric difference. 
The elements of C*(r, n, 2)” have a simple description given by Shaw [ll], 
which also gives dim C*(r, n, 2). Let a form of degree r on PG(n, q) be a function 
f :PGh q)-+ GF(q) g iven by a homogeneous polynomial f(xo, x1, . . . , x,) of 
degree r. Denote the vector space of all such forms by 9,,n,q. Then the vector 
space @r,n,2 of forms of degree r on PG(n, 2) has a basis 
x0, . . . , 42, 
-G$l, f . . , X,-IX,, 
x@x* - * * X,-l, . . . ) x,-,+1x,-,+2 - * * x,. 
Theorem 2.2. Each element of C*(r, n, 2)” is the set of zeros of a unique form of 
degree r on PG(n, 2). 
The complete weight distribution of C*(l, 2, 4) and C*(l, 3, 4) by geometrical 
argument is given in [7]. Following this, a canonical form for elements of 
C*(l, n, 4)“, that is, for sets of even type in PG(n, 4) with respect to lines, has 
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been given by Sherman [12]; see also [6]. This also gives a formula for 
dim C*(l, n, 4). Let H be a Hermitian form over GF(4); that is, 
H = i a& + c (ayx;x/? + U#j) 
i=O i<j 
with ai E GF(2), aij E GF(4). Also, let 
E = C bii~iXiXk 
i<j<k 
with b, E GF(4). 
Theorem 2.3. Each element of C*(l, n, 4)’ is the set of zeros of a unique form 
E’+E+H. 
3. Known results on the dimension 
An algorithm for finding dim C(r, n, q) was given by Goethals and Delsarte 
[21. 
Theorem 3.1. For q =ph with p prime, 
dim C*(n - 1, n, q) =’ s-(n+;-l)Y,. 
Theorem 3.2. 




dim C*(l, n, 4) = ?(n + l)(n” + 2n + 3). (4) 
Theorem 3.4. For q =ph with p prime, 




where the first sum is over all ordered sets (so, . . . , sh) of h + 1 integers Sj such that 
and 
Sh = %, OSs,=zn -r, 0 S sj+lp - Sj G (n + l)(p - l), 
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Theorem 3.5. For p prime, 
dim C*(r, n, p) 
Formula (2) was shown independently by Goethals and Delsarte [2], by 
MacWilliams and Mann [S] and by Smith [14]. Formula (3) arises from the 
equivalence of C*(r, fl, 2) with Reed-Muller codes; it also follows immediately 
from Theorem 2.2. Formula (6) is due to Smith [13] and its generalization (5) is 
due to Hamada [3,4]. Formula (4) follows from Theorem 2.3. 
The difference between (4) and (5) with p = h = 2 and r = 1 leads to the 
consideration that perhaps (5) can be simplified to give a better idea of how big 
such a number is and that such a simplified formula could be deduced more easily 
or at least more transparently by geometrical methods. 
4. An example of Hamada’s formula 
Let us calculate dim C*(l, 3, 4) using (5). It is equivalent to 
where 
Hence we have the values 
(S”, Sl>Sd (0, (-40) (1, 1, 1) (1, 2, 1) (2, 1,2) (2, 2, 2) 
(Us,, so), us,, 4) (070) (O>O) (110) (09 1) (1, 1) . 
Thus each triple (so, si, s2) and each j in (7) gives the following contribution: 
(SO, sly %) j = 0 j=l 
(0, 0, 0) 1 1 




dim C*(l, 3, 4) = 85 - 61= 24, 
which agrees with (4) for n = 3. 
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5. A simplification for dim C*(l, n,p): van Lint’s proof 
We examine Hamada’s formula (5) or, more particularly, Smith’s formula (6) 
for r = 1, = 3, 5, p and n < 8. 
n 234 5 6 7 8 
dim C*(l, n, 3) 6 10 15 21 28 36 4.5 
dimC*(l, n, 5) 15 35 70 126 210 330 495. 
From (3), 
dim C*(l, tt, 2) = n + 1. 
From the table, the following hypotheses suggests themselves: 
dim C*(l, 12, 3) = (n + l)(n + 2)/2, 
dim C*(l, it, 5) = (n + l)(n + 2)(n + 3)(n + 4)/24. 
Theorem 5.1. For a prime p, 
Proof (Van Lint). When this result was suggested by the second author at a 
meeting in Oberwolfach in April 1990, van Lint declared that ‘a statement on 
binomial coefficients is false or trivial’ and the next day produced a proof that 
Step 1. (1 --~)-~-l= CJZO (“zj)x’. 
Step 2. The coeficient of xm in (1 +x + . . . + x’)~+’ is (nn+‘). 
Proof. The required coefficient b,, is the number of solutions of 
r, + r, + * * . + rn+l = tn 
with ‘;, t integers and 0 d ‘; 6 t. Write ‘; = t - si. Then 
sl+sZ+“‘+S,+,=t 
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with 0~s~ ct. This means that b, is also the coefficient of x’ in (1 +x + ’ . . + 
x’)“+‘. As 
(1 +x + . . . +Xf)n+l = (1 _ Xl+l)“+yl _ X)-n-l, 
we have, by Step 1, that b,, = (“z”). q 
Step 3. Jf F(x) = CEO a,~‘, then, with I; = ezniir, 
a, + a, + azt + . * . + amr = ;I$ W?L 
where m = [N/t]. 
Proof. CfZ:, ckj is t or 0 according as Ck is 1 or not; that is, according as k is or is 
not a multiple of t. From this, the result follows immediately. Cl 
Step 4. From Step 1, the coefficient of x’ in the expansion of (1 - xp)“+‘(l -.x)-~-’ 
is 
z; (-1)y ; y + k-pi); (10) 
this formula picks out the coefficient of xpi in (I- xP)“+’ and x’-~’ in (1 - x)-~-‘. 
Step 5. With (l+x+.*.+~‘)“~*= C bixi, Steps 3 and 4 give expressions for 
b, + b, + b,, + . . . + bc,+lj, as follows: 
with 5 = e2ni’r. For j = 0, the summand on the right gives (t + l)n+‘. For 
j=l,..., t - 1, the summand is (f”)“” = 1. Now, let t =p - 1. Hence the 
right-hand side of (11) is 
From Step 2, the coefficient of xl” is b,, = (“,“); the coefficient of x*(“+‘) is 
b r(b+l) = 1. Hence the expression on the left-hand side of (9) is equal to 
(P rt+’ - l)/(p - 1) - (pn+’ +P - 2)l(p - 1) + b, + bg,+,j 
= (f+l- l)l(p - 1) - (pa+’ +p - 2)l(p - 1) + (“+;-‘)+I 
=(*+;-1) 
=(“,‘“T’). Cl 
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Note. At Oberwolfach, Beth outlined another proof of this theorem based on 
properties of the group algebra GF(p)[(Z,)“]; see [l]. 
Theorem 5.2. For a prime p, 
dim C*(2, n, p) = (” ‘z -“) -(p - 2)(” ,‘” 1’). (12) 
Proof. From (6) and (ll), 
dim C*(2, n, p) = dim C*(l, II, p) + b,(,_,), 
where t =p - 1. Here b,(,_,) is the coefficient of xc@-‘) in (1 +x f. . - +.x’)n+l. 
However, by the same argument as in Step 2 of Theorem 5.1, bc,_-Ijr = b,, 
Considering 
(1 +x +. . . +q”+L (1 -qn+y1 -X)-n- 
with (1 -x)-~-’ = C qx’, we have 
b,, = Cqr - (n + l)c,_1= (n;2c)-(n+l)(n+;-1). 
Thus 
whence the result. Cl 
6. The geometrical nature of C*(l,n,p) 
The fact that dim C*( 1, n, p) = (” p’!t; ‘), which is the dimension of the vector 
space of forms of degree p - 1 in n -k 1 variables, suggests the following. 
Conjecture 6.1. There is a p - 1 to 1 correspondence between the elements of 
C*(l, II, p)\(O) and primals (hypersurfaces) of degree p - 1 in PG(n,p) for a 
prime p. 
The conjecture is trivially true for p = 2. It is part of Theorem 2.2, but more 
particularly states that a set either containing any line or meeting it in one point is 
a prime (hyperplane). 
If the conjecture is true in general, then the p - 1 elements corresponding to 
the same primal are identified in the following result. 
Lemma 6.2. Zf X = (al, . . . , a~) E C*(l, 12, p), so is tX = (tal, . , . , la,) for any t 
in GF(p)\{O}. 
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Proof. If 5%” is orthogonal to every row of M, so is tX. q 
For X in C*(l, n, p), let &i =.&(X) be the set of points of weight i, and let 
ni = l~il. 
Lemma 6.3. NO(X) = &(tX). 
Proof. If q = 0, also ta, = 0. Cl 
Now we examine the case that 12 = 2 and p = 3. As in Section 2.1, an element 
of C*(l, 2, 3) is a 3-curve, that is, a set of points in PG(2,3) each with weight 0, 1 
or 2 such that the sum of the weights on any line of the plane is a multiple of 3. 
Corollary 6.4. If X is a 3-curve in PG(2,3), then so is 2%; also 
J&(270 = “%I(.% .4(2W = J%(W, &(2.X) = Jvr(X). 
In this case, X’ = 2.X is called the complementary 3-curve to .X. 
Now, the classification of 3-curves can be given. For a 3-curve X, let t be the 
total number of 3-curves of that type. 
Theorem 6.5. A 3-curve .9X in PG(2,3) is one of the types listed in Table 1, where 
(a) I,, 12, 13, l4 are the lines through a point P; 
(b) 9 is the set of points on the sides of a triangle with vertices A, B, C. 
Proof. This can be done from first principles by a case-by-case analysis. The 
details are omitted. The proof does not depend on knowing the total number of 
3-curves. 0 
Corollary 6.6. dim C*(l, 2, 3) = 6. 
Proof. Ct=156+13+13+78+234+234=728=36-1. 0 
Following Table 7.2 in [5], the plane quadrics in PG(2,q) are given in Table 2. 
Table 1 
3-curves in PG(2,3) 
x %I nI n2 t Description 
T, I 3 3 156 N, =1,\(P), Nz=lIz\{P} 
T$” 4 9 0 13 N, = AG(2,3) 
Tf’ 4 0 9 13 Nz = AG(2,3) 
r, 1 6 6 78 ~,=(l,ul,)~~~l,~~=(l,u~,)~~Pl 
Ty’ 4 3 6 234 N, = {A, B, C), J+‘* = 9-{A, B, C) 
Tf’ 4 6 3 234 Nz = {A, B, C}, Nl = Yl{A, B, C} 






Point (pair of conjugate lines in PG(2, q2)) 
Conic (q + 1 points no 3 collinear) 
Number 
q’+q+l 
4(9 + l)(q” + 4 + I)/2 
q(q - l)(qZ+ 4 + I)/2 
4s-q2 





Theorem 6.7. There is a 2 to 1 correspondence between 3-curves and plane 
quadrics in PG(2,3). 
Proof. For each pair of complementary 3-curves X and X’ the corresponding 
quadric is NO(X) = J&(.X’). For X of type T,, the set NO is a line pair; for X of 
type T,, the set N;, is a line; for X of type T,, the set NO is a point; for X of type 
T4, the set & is a conic. q 
7. Glynn’s proof of the conjecture 
After a discussion with the second author in Tiibingen, Glynn has provided a 
proof of Conjecture 6.1, along similar lines to Theorem 2.2. In the notation of 
Section 2, .%r,n,q is the vector space of forms of degree r on PG(n, q). 
Theorem 7.1. For a prime, there is a bijection between @p-l,n,p and C*(l, n, p). 
Proof. Since the two vector spaces have the same dimension, it suffices to show 
that one space is contained in the other. So, let f E .5$-r,_,; then, for each P in 
PG(n, p), we have f(P) E GF(p). So, given a set of points, f determines a weight 
for each point in the set. To show that f determines an element of C*(l, n, p), it 
suffices to show that CP,,f(P) = 0 for any line 1. 
Let x and Y be the vectors of any two points on 1. So 
s = Z[f(P) = IEGTcpjf(X + ty) +f(Y)* 
If f(x + ty) = a, + a, + . . * + a,_,tp-‘, then 
S’= 2 f(x+ty)=aop+alCt+...+a,_aCtp-2+ap--ICtp-’. 
=GWP) 
However C teoFo,) t’ = 0 for 16 i sp - 2 and CfeoF(p) tp-’ =p - 1 = -1. Hence 
S’ = -a,_, = -f(y). So S = S’ +f(y) = 0. 0 
The argument of the last theorem will be pursued in a subsequent paper to 
obtain other dimension formulas. 
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